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Wave diffraction, wave forces and wave drift damping due to a floating body per-
forming a slow rotation about the vertical axis (yaw) is considered. The rotation
angle of the body may be arbitrary. The angular velocity is assumed small compared
to the wave frequency, however. The problem is formulated in the frame of reference
following the slow rotation of the body, accounting for non-Newtonian forces. By
applying the method of multiple timescales, the fluid flow is determined consistently to
leading order in the slow angular velocity and to second order in the wave amplitude.
Mathematical solution of the problem is obtained by means of integral equations
that are applicable to geometries of arbitrary shape. The wave loads are found by
applying conservation of linear and angular momentum. The wave drift damping is
expressed by the far-field amplitudes of the wave field and the dipole moments of
the time-averaged second-order potential. Numerical results are presented for a ship
and a vertical cylinder describing a circular path in the horizontal plane. The results
show that the wave drift damping due to a slow yaw motion of a floating body is one
order of magnitude larger than the time-averaged forces and moment when there is
no rotation. Wave drift damping due to slow rotation and slow translation are found
to be of equal importance.

1. Introduction

The induced forces on and motions of floating bodies in ocean waves are topics of
considerable interest both from a practical and fundamental point of view. Within
deep-sea technology, for example, new floating production systems like moored ships
and small floating oil platforms are under development for operations in very deep
water. The actual water depths are as large as 1000-1500 m, which applies to the oil
resources at Veringsbassenget and Merebassenget in the Norwegian Sea, but water
depths down to 2000 m are also considered. Accurate computations of wave loads on
and wave-induced motions of the floating parts of the production systems are crucial
for the construction and dimensioning of the mooring system, and for the positioning
and operation of the whole structure. There are several other examples relating to
offshore activity: towing operations of large bodies, manoeuvering of ships, motions
of a body drifting in waves.

While the linear part of the wave forces oscillates with the frequencies of the
incoming waves, nonlinear effects give rise to sum- and difference-frequency forces
acting on the moored body. The difference-frequency forces may give rise to resonant
slowly varying oscillations of the body in the horizontal plane, which may have
quite Jarge amplitudes, being determined by the difference-frequency loading, the
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mass-spring characteristics of the body and the moorings, and by the damping forces.
We shall in this contribution study wave drift damping, which has proved to be an
important damping force of such resonant slowly varying motions, where damping
due to linear wave radiation is negligible and viscous forces may be small. Wave
drift damping is proportional to the square of the incoming wave amplitude and
proportional to the slowly varying velocity of the body.

If the body performs a slow horizontal translation with speed U in the incoming
waves, the time-averaged force along the speed direction, F,, being proportional to the
wave amplitude squared, is a function of the forward speed. If U is small compared
to the phase velocity g/w of the incoming waves, assuming deep water, where w
denotes the wave frequency measured in an absolute frame of reference, and g the
acceleration due to gravity, the force may be expanded as

Fi(U) = Fo— B, ,Uw/g. (1.1)

Here, F,o denotes the force for U = 0, and —B;Uw/g the wave drift damping
force. The expansion (1.1) was first suggested by Wichers & van Sluijs (1979), who
studied model tests of the damping of low-frequency oscillations of moored ships,
finding a pronounced effect of the wave drift damping. For a body translating
slowly horizontally with speed U along the x-axis, speed V along the y-axis, and a
slow rotation with angular velocity Q about the vertical z-axis, with time-averaged
horizontal force components F, and F, along the x- and y-axes, respectively, and
time-averaged moment about the vertical axis, M,, in a Cartesian frame of reference
Oxyz, the generalization of (1.1) reads

F, Fyo Bi1 Bi; By Uw/g
F, |=1 Fo | —| Ba By By Va/g |. (1.2)
M, M, Bgi Bg; Begs Q/ow

Here, (Fx,Fy0,M0) = (Fy,Fy,M;) for U =V = Q = 0, and {B;;} denotes the
wave drift damping matrix. In recent years several methods have been published
for predicting the forces due to a body moving in translatory motion in waves, or
a stationary body in waves and a current, see e.g. Grue & Palm (1985, 1986) for
the two-dimensional case, and in three dimensions Huismans & Hermans (1985),
Huismans (1986), Zhao et al (1988), Zhao & Faltinsen (1989), Nossen, Grue & Palm
(1991), Emmerhoff & Sclavounos (1992), Grue & Biberg (1993). These works describe
methods to evaluate, among others, the wave drift damping coefficients B,;, Bys, B,
B22.

The theory was extended by Grue & Palm (1993) to account for the time-averaged
moment M, due to a translating body, allowing predictions of Bg; and Bg,. They
pointed out that time-averaged velocities in the fluid, being proportional to the wave
amplitude squared, give rise to important contributions to M,, i.e. Bg;, By, At the
same time a method for obtaining the complete wave drift damping matrix, and
thereby for the first time the damping coefficients B, Bys, Bes, was given by Newman
(1993). He applied a perturbation approach where the low-frequency oscillations of
the floating body, which were assumed small, were superposed on the diffraction field.
The theoretical framework was given without numerical examples.

In the present work a method is derived to evaluate the coefficients By, i = 1,2, 6,
of the wave drift damping matrix, which is based on integral equations and with the
motion referred to the relative coordinate system fixed to the body. In this frame
of reference non-Newtonian forces are accounted for. A floating body performing a
slow rotation about the vertical axis while being exposed to incoming monochromatic
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waves is considered. The rotation angle of the body may be finite, and may be an
unspecified function of time. The angular velocity is assumed to be small compared
to the wave frequency of the incoming waves, i.e. Q/w <1, however. This justifies
application of the method of multiple timescales. The fluid flow and the forces do
then depend on the instantaneous wave angle.

The fluid is assumed to be homogenous and incompressible, and viscous effects
are disregarded, such that potential theory may be applied. First an exact relation
for the fluid pressure in the relative frame of reference is derived. The boundary
value problem for the velocity potential is then developed. The method of multiple
timescales, and perturbation expansion of the potential in terms of the wave amplitude
and the slow angular velocity are then applied. Next integral equations are derived
for the set of potentials, involving unknown quantities on the wetted body surface
only. The integral equations are suitable for solution by means of a low-order panel
method, which is applied here, giving efficient and robust numerical algoritms. The
method is general and is applicable to bodies of arbitrary shape. To simplify the
analysis, only linear diffraction effects are accounted for in this work. Thus, in the
relative frame of reference the body is restrained. The water depth is assumed infinite,
and the body is assumed to be wall-sided at the water line.

The time-averaged horizontal force and vertical moment may be obtained in
different ways. The most usual procedures are either by integrating the pressure over
the instantaneous wetted part of the body surface, or by applying conservation of
linear and angular momentum. The latter method is applied here, giving as final result
that F,, F,, M., B, By, and Bes are expressed in terms of the far-field amplitudes
of the wave potentials and the dipole moments of the time-averaged second-order
potential. The formulae are given in a form where all integrals are brought to a
convergent form that is suitable for numerical evaluation.

A code for the complete method is developed, and numerical results are presented
for two practical geometries, ie. a vertical circular cylinder moving with its axis
describing a circular path about the origin, and a ship. The calculated wave drift
damping Bgs is compared to viscous damping. In a realistic case of a ship of length
230 m and beam 41 m we find that the wave drift damping predominates when the
wave amplitude is larger than 1.7 m. This result holds for all wave headings and for
wave period less than 14 s (see §9.2). We also find that Bjg, By, Bgs may be one order
of magnitude larger than F,o, Fyo, M. For the ship we obtain, for example, that
Bes/ Mo ~ 200 for a quartering sea with wavelength about half of the ship length.
(2/w)Bgs may then be about 25% of Mo in a described practical case. (The details
are explained in §9.3.)

We have not considered here the importance of wave drift damping compared
to viscous damping (in the yaw mode) for an oil platform. However, it seems
obvious that the relative effect of wave drift damping compared to viscous damping
is approximately the same for slow rotation and slow transiation for this geometry.
Wave drift damping has proved to be significant for the latter mode of motion.

Our formulae for By are in another form than those obtained by Newman. It is,
however, possible by appropriate transformations to compare them. We find that our
and his final formula for Bes are formally the same, except that the rotation angle of
the body is finite in our analysis. For By, i = 1,2, however, there are discrepancies
between our formula (7.11) and Newman’s final result (5.6). The discrepancies are
identified and discussed, see §7.

During the course of this work, the yaw problem was also being considered by
Emmerhoff & Sclavounos (1993) and Emmerhoff (1994). They formulate the problem
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essentially in the absolute frame of reference, and present a solution for arrays of
vertical cylinders. Both our and their methods, which were initiated independently,
utilize the fact that the sum of the relative incident wave angle and the angle of rotation
are independent of time. Preliminary results of our method were given by Grue &
Palm (1994). In Sclavounos (1994) the equation governing the slow drift motion of a
floating body, including the role of the wave drift damping matrix, is discussed.

The paper is organized as follows. In §2 the equation of motion for the fluid in
the relative frame of reference is formulated, an exact relation for the pressure is
derived, and the fast and the slow timescales are introduced. In §3 the boundary value
problem is discussed and the perturbation potentials introduced. In §4 the resulting
set of boundary value problems is solved by means of integral equations. In §5 the
equations for the slowly rotating body are compared to those for the slow surge and
sway problems. In §§6 and 7 expressions for the damping moment and the damping
force, respectively, are derived. Section 8 is devoted to the balance of energy, and §9
describes numerical results. Finally, §10 contains concluding remarks.

2. The equation of motion and the pressure

We consider a floating body performing a slow time-dependent rotation about the
vertical axis while being exposed to incoming waves. Two frames of references are
introduced: one absolute frame of reference, Ox°y°z°, fixed in space, and one relative
frame of reference, Oxyz, following the slow rotation of the body. The vertical axis
is defined by the z = z%-axis, pointing upwards, with z = z° = 0 coinciding with
the mean free surface. Unit vectors Z, j, k are introduced along the x-, y-, z-axes,
respectively. Let «(t) denote the rotation angle of the body relative to the x°-axis,
and 2 = Qk = ak the angular velocity, where a dot denotes derivative with respect
to time. 0x°y°z® and Oxy:z are then related by

x =x%cosa + y°sina, (2.1)
y =y%cosa — xsina, (2.2)
z =2z (2.3)

The fluid motion is considered in the relative frame of reference. Neglecting viscous
effects the equation of motion for the fluid reads

?
pa—': 4 pv-Vo=—Vp—pgVz+H (2.4)

where v and p denote the velocity and pressure of the fluid, respectively, p denotes
the density, assumed constant, g denotes the acceleration due to gravity, and H is
given by

H=-2pQ xv—pRxNxx—pxx. (2.5)
Here, the first term denotes the the Coriolis force, the second term the centrifugal
force, and the third term the fictive force due to the angular acceleration.

A velocity field given by —£ x x is introduced when observing the fluid velocity
from the relative frame of reference. Thus, v may be decomposed as v =v' — 2 X x.
Assuming that v’ is irrotational, this velocity may be obtained by the gradient of a
velocity potential @', ie. v = V@'. The equation of motion may then be written in

the form
o P , 5 p
—_0-—— 41 = v _ 2.6
V(@t 969+2|V¢|> V( ’ gz) (2.6)
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where polar coordinates are introduced by x = Rcos@, y = Rsinf. By integration
we obtain the following expression for the fluid pressure:

p 0 P
PR

where C(t) is an arbitrary function of time. Both (2.6) and (2.7) are exact.

+ V)P + gz + C(1) (2.7)

2.1. Fast and slow timescales

The wavenumber of the incoming waves, K, non-dimensionalized by the characteristic
length of the floating body, /, is assumed to be of order unity. For deep-water waves
this means that w?l/g = O(1), where w denotes the wave frequency in the absolute
frame of reference. The rotation angle of the body may be of arbitrary magnitude,
ie. a(t) = O(1). The angular velocity €2 is, however, assumed to be much smaller than
the wave frequency w, i.e.

Q/w<1. (2.8)
Since the rotation angle is finite, this assumption implies that
Q/w® =0(2*/w*) < Q/w. (2.9)

In the following analysis we shall apply a perturbation expansion in £/w, retaining
terms up to order Q/w. This means that the perturbed problem has two timescales:
a fast timescale with characteristic time 1/w, and a slow timescale with characteristic
time 1/0. In obtaining for example the wave drift damping force and moment a time
average over the fast timescale is applied.

3. The boundary value problems

Assuming that the fluid is incompressible, @' satisfies the Laplace equation in the
fluid domain. It is convenient to decompose ¢’ as

P =+ P+ yp? (3.1)

where ¢, = 2y denotes the potential generated by the body when there are no waves,
¢ the linear wave potential proportional to the amplitude 4 of the incoming waves,
and p@ a time-averaged second-order potential proportional to the wave amplitude
squared.

3.1. Steady potentials x1, %2, Xe

The steady potential ys appears in (3.1). Later, potentials y; and yx, will also be
required. The potentials y;, i = 1,2, 6, satisfy the following boundary value problems:

Vi, =0 in the fluid domain, )

i

Xi_o at z=0,

o (32
Ell = Hh at SB,

[Vxii =0 R - o0, z——»—oo,j

where n = (n;,ny,n3) denotes the unit normal at Sp, pointing out of the fluid, and
ne = n-(k X x) = myx — nyy. The potentials y;, i = 1,2,6, are obtained by means of
source distributions.
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3.2. The boundary conditions, &

To obtain the free-surface condition for &, the individual time-derivative is applied
to (2.7) at the free-surface elevation z = {. After linearizing with respect to the wave
amplitude we find

0*P 0*P 00  ¢;00 00

hllai 2V,

T maea + 2V gy ~ 52 o T8
where V;, denotes the horizontal gradient. Let us then introduce & = Re[(4ig/ w)pe].
Noting that @ and ¢ are functions of «, 2, £, ..., we find for the partial time-derivative

of @
0P Aig (. o) ¢
o =Re {w (m)gb-f—Qé—-f—QaQ-f— ) } (34)

We now introduce the perturbation parameter ¢ = Q/w. By expanding (3.3) in terms
of €, retaining terms up to O{e), the free-surface condition for ¢ reads
. 0 0 . . 0
—K¢+21eK—éQ 2ieK a(g +21€KV¢'VhX6+1€K¢th6+ —(é =0 at z=0 (3.))
where K = w?/g. In this paper we consider the diffraction problem, which means that
the body has no motions in the relative frame of reference. The boundary condition
for ¢ at the body is then given by

o¢

on
In addition, there is a radiation condition for ¢ — ¢; as R — oo, where ¢; denotes the
incoming wave potential defined below by (3.11), requiring that ¢ —¢; is composed of
outgoing waves only. This is equivalent to requiring that there are no energy sources
as R — oo, except the incoming waves.

=0 at z=0 (3.3)

=0 at S (3.6)

3.3. Perturbation procedure
It is convenient to expand the potential ¢ in € by

¢=¢°+ept +..; (3.7)
¢° then satisfies
o, 0¢4°
—K¢®+—— =0 at z=0, (3.8)
0z
a 0
9 _0 at s (3.9)
on

¢° is composed of the incoming wave potential, ¢;, and the scattering potential,
¢7, ie. ¢° = ¢; + ¢7. In addition to the conditions at the free surface and the
body boundary, ¢, satisfies [V¢;| — 0 for z — —oo and the radiation condition for
R — o0, ie.

¢7 = RTZHY()e** 7 *(1 + O((KR)™)) (3.10)
where H%(0) denotes the far-field amplitude of the potential, which is determined by
4.19).
( Th)e incoming wave potential is given by, assuming water of infinite depth,

¢y = eKz—iKReos(f=6) (3.11)

where p (which is a function of time) denotes the angle between the x-axis and the
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wave direction (in the relative frame of reference). f is related to the angle between
the x°-direction and the wave direction, 8°, (in the absolute frame of reference) by
B = B° — o It is obvious that ¢° is a function of B = B° — a. This means that
0¢° /0o = —0¢°/0B. The free-surface boundary condition for ¢! then becomes

i 260
—-K¢' —i—aai =2iK ad; +21K———21KV;,¢° Virs—iK¢"Vixs at  z=0. (3.12)
In the diffraction problem the body boundary condition is
0 1
9 _0 at S (3.13)
on

In addition, ¢' satisfies the condition of outgoing waves as R — oo, and |V¢'| — 0
for z — —oo0.
It is convenient to decompose the boundary value problem for ¢! by introducing

¢] — 4)11 +¢12 +¢13 (314)
where ¢!, ¢'2, ¢'? satisfy the following set of boundary value problems:
1 0
Koo' + 6¢ = 21K§i at z =0, (3.15)
op
1
%%— =0 at S (3.16)
a¢12 @(]50
— K¢+ =— = 2K - = )
K¢+ P 30 at z =0, (3.17)
a¢13
— Ko + - = —2iKV,¢° - Vixs — iIK ¢°V3gs at  z =0, (3.18)
z
0 13 0 12
__éﬁn _ “fn at S (3.19)

¢ satisfies, in addition to (3.18)—(3.19), |V¢!*| — 0 for z — —oc0, and the radiation
condition for R — o0, i.e.

o1 = R7VZHP(0)eXKR(1 + O(KR)™) (3.20)

where H'(#) denotes the far-field amplitude of the potential, which is determined by
(4.21).

The potentials ¢!' and ¢'?> may be given in the form (Nossen et al. 1991, equation
(34); Emmerhoftf & Sclavounos 1992, equation (38))

320

11 _

¢ = 2K o (3.21)
20

12

o7 = 2K ~ . (3.22)

The solutions (3.21) and (3.22) contain secular terms. This means that the potentials
¢! and ¢'> become infinitely large for R — co. This does not, however, lead to any
mathematical problem as long as the value of R is large, but finite. Nevertheless,
we want to utilize the far-field form of the potentials involved to deduce the final
form of the integral equation and convenient formulae for the damping coefficients.
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Therefore, in our derivations all relevant integrals are brought to convergent forms
before R — oo.

We further note that ¢!! + ¢! = 2iK3/0K(d¢1/0p + d¢1/00) represent outgoing
waves for large R.

3.4. The boundary conditions, p®

The second-order potential @ appears in the formulae for the second-order fluid
pressure and for the mean force and moment, always multiplied by the slow angular
velocity Q. To leading order in it is then sufficient to consider the boundary value
problem for p®@ when Q = 0. The free surface condition for y® then reads

oyp? 10 100 *°¢ 1000°®  A’g %™

PP FAL A S e b i e iy Pl e TS pH:

Im (d)o ) atz=0

(3.23)
where a bar denotes time-average and an asterisk complex conjungate. In the
diffraction problem, dp®/on = 0 at the body surface. In addition, |Vy®| — 0 for
R > o,0orz - —o0.

The solution for p® may be obtained by an integral equation. The analysis below
shows, however, that only the boundary conditions for p® are required to find the
mean force and moment acting on the floating body. Thus, the complete solution
for @ is not needed. In the general case ' also satisfies a non-trivial boundary
condition at the body boundary. A complete discussion of the significance of @,
and how to obtain the potential, is given by Grue & Palm (1993).

4. Integral equations

As will be shown in §§6 and 7, the far-field amplitudes H° (see (3.10) and (4.19)),
including derivatives of H® with respect to B, §, and K in combinations up to second
order, and H® (see (3.20) and (4.21)) are required to find the damping coefficients
Bjs. Furthermore, y; (i = 1,2) and Im(¢° ‘z’;) must be determined in the formula for
Bis, Bys. While H? is determined by ¢%, H'3 is most conveniently determined by the
potentials ys (see §3.1), ¢°, and ¢! — ¢! = 2 + ¢'3. We shall in what follows deduce
integral equations for the two latter potentials.

4.1. The potential ¢°

To solve the boundary value problem for ¢° we first introduce a Green function,

G%a,b,c,x,y,z), being a sink at x = a = (a, b, ¢), satisfying the free-surface boundary

condition (3.8). This Green function may be written by, see e.g. Wehausen & Laitone
(1960, equation 13.17),

1 *k+K

GO = — + _t_

k(z+c) /
R kR @4.1)

where r = |x — a|, R’ = [(x — a)? + (y — b)?]"/2, J, denotes the Bessel function of first
kind and order zero, and the path of integration is above the pole at k = K. For
R — oo, G° takes the form

GO — R—I/ZhO(H)CKz—iKR(l + 0((KR—1))) (42)

where
W = (87K)"2 exp[K (c + iacos 6 + ibsin 8) — in/4). 4.3)
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By applying Green’s theorem to ¢° and G° it may be shown that ¢° satisfies, see
e.g. Nossen et al. (1991, equation 40},
0G° { “27d%(x), x € Sp

(4.4)

0
5, ¢ —a——dS 4oy = —4nd®(x), x €V,

where ¥~ denotes the fluid volume enclosed by the body surface, Sg, the free surface,
Sr, and the vertical circular cylinder, S(R), with radius R. The integration is over the
(a, b, c)-variables. The first case is an integral equation for ¢°.

Proper forms of the derivatives of the potential ¢° for numerical use are obtained
by means of integral equations. For example, 6¢°/3f may be determined by dif-
ferentiating the integral equation (4.4) with respect to f. An integral equation for
0?¢° /0K 0P is obtained by differentiating (4.4) for ¢° with respect to f and K. The
result is

202G 277:¢ K XE S
¢>ﬁ,< dS+/ e ade dnby pic _{ Tty ey @9
where ¢;; = 0¢°/0B, ¢ = 0*¢°/0KIP, Prpx = 82¢>1/8K0,B. This equation deter-

mines ¢}, .
A formula for ¢9, = 32¢°/0K 60 may next be obtained by differentiating (4.4) with
respect to ¢ and K, giving

G0 *G°
%aea ds +/ ¢06K666 dS —4ngrex = —4npdi(x), x € V. (4.6)

(Note that ¢/0n = n(a) - Va, while 8/00 = x0/0y — yd/0x.)

4.2. The potential ¢p' — ¢"!

To find an integral equation for ¢! — ¢!! we first introduce an auxillary function,
GY(a,b,c,x,y,z), regular for ¢ <0, z < 0, satisfying the following free-surface bound-
ary condition:
oG oG°
~KG'+ — =2K—% at c¢=0 4.7
oc 00 (4.7)

where 6 is defined by a = Rcos @, b = Rsinf, R? = ¢> + b2. It may be shown that G!
may be expressed in terms of G° by

270
¢' =2k 29 (4.8)
000K
We first apply Green’s theorem to p = ¢! — ¢'! = ¢'2 + ¢'3 and G°, giving
oG° aG° oy —2np(x), x€S
——d -G~ |d ’ 5 4.9
raes e e o) e-{ S 182 e

By then applying the free-surface boundary conditions for ¢'?, ¢'3 and G°, and the
body boundary condition for 1, (4.9) reduces to

6GO . 0 ¢0 0 0
/ w——dS +2K | G ( + Vi’ Vixs + 3¢ Vh)(ts) ds
pr . 20

Sp
0G° O@w —2ny(x), x € Sp
+ /S(R <‘P an Y on )ds { —dmp(x). xey. G0

The integrals over Sy and S(R) are not in a final form, and may be further developed.
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To do this we apply Green’s theorem to ¢° and G'. By introducing the boundary
conditions for d)o and G' at the free surface we obtain

0 1 0
¢° dS +2iK ¢°aa£ds +/ <¢05G -Gl 0ad> ) ds =0. (4.11)
S(R)

Subtractmg (4.11) from (4.10) gives

0 1 0
/ aG° ¢OaG ds+/ % Goaw i

+2iK [ —=(G°¢°) + G(V4¢° - Viys + 14°V2 XG)J

Sr
] —2ap(x), x€Sp
+1 —{ —dnp(x). xEV (4.12)
where
oG 0 ad)lz Gl ad)o
I = L 090 ds. 13
It is shown in Appendix A that
. 0%
I_gana,BaK' 4.14)

The free-surface integral in (4.12) may be further developed by noting that

(GO¢0) + G (Vid® - Vixs + 16°Viaxe)
= V5, [G°¢°(Vixs — k X X)] — ¢°(V4G® - Viys + 1GOVixe).  (4.15)

By application of Gauss’ theorem, assuming that the body is wall-sided at the water
line, we then obtain

/ [ (6% + CTad Vi + 1V] x6)J as

(V4G - Vixs + 1GOVix6)dS +/

Ca+C(R)

¢$°G° [a—"é —n-(kx x)] dl (4.16)
Sk an

where Cp and C(R) denote the contours at z = 0 of Sp and S(R), respectively. The
integral along Cp vanishes due to the boundary condition (3.2) for y¢ at Sz. The
integrand at C(R) disappears as R — co. The integral over Sy is now in a form which
converges very rapidly. Furthermore, ¢*0G%/dn — G°3¢'*/on at S(R) vanishes as
R — oo since ¢'* and G° satisfy the same radiation condition. By then combining
(4.12), (4.14), (4.16), we arrive at the final result for ¢! — ¢!!:

oG° 0* ¢ oG!
1 1 1 0
SB((j; —¢ ) dS—+—8 1Kaﬂa SBd) ds

_ 1 _ 411
2K [ V4G - Vigs + LGOVx)dS ={ 2n(¢ —¢ Nx), *€Sp 19

Sr —4n(¢' — ¢'")(x), x€ 7.

In the first case (4.17) is an integral equation for ¢' — ¢!!.
The damping coeflicients Bjs may now be obtained from the potential ¢°, its
derivatives, and ¢' — ¢'!. If, in addition, for example, the linear exciting force on the
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body is to be determined, the complete potential ¢! is required. This potential may
be obtained by adding (4.5) multiplied by 2iK and (4.17) with the result

8G° 6G! 8¢° 3*G°
196 09y w@wer
SB¢ = -dS — /S <¢ +2iK 2 8W{)ds

_ 1
_2iK ¢0(VhG0 . VhX6 + %G0V£X6)ds _ { —27'E¢ (x)a x € Sp (418)

5 dngpl(x), x€ V7.

In the first case (4.18) is an integral equation for ¢'.

4.3. The far-field amplitudes H® and H"

Consider now far-field amplitudes H® and H'®. By introducing the far-field form of
G° into (4.4), we obtain for H°

/ ¢°a—}£dS (4.19)

where h° is given by (4.3). Derivatives of H® with respect to B, 6, K, or com-
binations of these variables, are easily obtained. Hg is for example found from

Hj = —1/(4n) [, #3hdS. Consider now ¢'°, which is obtained by subtracting ¢'7,
obtained by (4.6), from ¢! — ¢'!. This gives

13 1 3*G°
4ngB(x) = [ (¢" — ¢’ ) dS +2iK qu ds
Sa ondl
+ 2K [ ¢°(Viys - ViG® + %G"vimds, xev. (4.20)

S¢

By then introducing the far-field form of G° we obtain

e NI 1K/066h°
/S(¢> o oas + 5 [ 420
IK

T 5 °(Vixs * Vil + 1h0Vix6)dS (4.21)
SF

with #° given by (4.3).

4.4. Remarks on the numerical procedure

The set of potentials and source distributions is solved by means of their respective
integral equations, applying a low-order panel method as the numerical method. The
body surface and the free surface are discretized by quadrilaterals, and the potential
or source strength is taken as constant at each panel. The Green function G° and its
derivatives involved in the integral equations have singularities V(1/r), V(1/r), 1/r,
1/¥', where r = |x —a| and r' = [(x — a)* + (y — b)> + (z + ¢)*]"/2. These singularities
are integrated separately over each panel by analytical methods, see Newman (1985).
Otherwise a midpoint rule is applied for numerical integration.

The quantity Viys at z = 0 appears in the integral equation for ¢! — ¢'L. It follows
from the Laplace equation that we may instead evaluate —d%y¢/0z%, which is here
obtained by numerical differentiation of —0ys/0z, where we utilize that dye/0z = 0
at z = 0, giving quite robust predictions of the quantity.
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The free-surface integrals

(x — x)Im(¢°¢2)dS,  i=1,2, (4.22)
SF

in the formula (7.12) for Bjs, Bys are best obtained when ¢; is represented by a
source distribution ¢; over the body surface, ie. ¢7 = fs7 67G%dS. We then find
P72, = fsa 07G%,dS. When integrating G,, over quadrilaterals, the singular terms are
treated separately by analytic formulae. The integrals of (0/0z)[(0/0z)(1/r + 1/7')).=0
are obtained by using numerical difference when the source point is close to the
quadrilateral and by four-points Gauss integration otherwise. This method is found
to work well to predict (4.22).

We further note that (4.22) denote the horizontal dipole moments of the potential
p®@ for R — oo, see Grue & Palm (1993, equations 77-79). These integrals have
relatively quick convergence, since Im(¢°¢%;) quite rapidly tends to zero with increas-
ing distance from the body. The integrals (4.22) may be transformed to integrals
containing first derivatives of ¢° where the latter are more robust quantities to
evaluate than second derivatives close to the body surface when using the low-order
panel method. Such a transformation leads, however, to two integrals over Sy and
along C(R), respectively, which are unbounded as the truncation radius increases, and
accurate evaluation of their sum may not be trivial,

5. Comparison with the translatory case

At this point it is worthwhile to point out the close connection between the problems
with slow rotation and slow translation. The equations for the slow surge and sway
problems may be deduced from the more general yaw problem. This also gives a
possibility for checking the equations derived above. We shall therefore derive the
equation for surge. A similar procedure may also be used for the sway problem.

To obtain the equation for surge we situate the body, with finite dimensions, at
y — —oo (and x = 0). The rotation of the body with respect to the origin then
corresponds to a translation along the x-direction, such that —Qy — U, where U is
a small velocity along the positive x-direction. Then

0 0 o¢® | 0 ’ : 9*G°
— - — -2 . (51
Qys — Ux1, Q@()HUax’ Q@ﬁ —iKUcosf¢’, QG — IKUaxaK (5.1)
The fluid velocity is then given by v = —Ui 4+ V@', where
&' = Re[(Aig/w)pe] + Uy + p@. (5.2)

By introducing 7(U) = wU /g, the potential ¢ is expanded as
¢ =" +1(U)p!Y +.... (5.3)

The potential ¢° is determined by (4.4), and y; and '@ are defined by the boundary
value problems formulated in §§3.1 and 3.4, respectively. To obtain the potential ¢!V

we first relate ¢!V to ¢! by
Q ., _KU i
iy S Sl - (U ] 4
¢ ¢ (U)o (5.4)

The boundary condition for ¢!V at the free surface may then be obtained by intro-
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ducing (5.1) and (5.4) in (3.12), giving

'Y 00 .

—K¢'U 4 ¢ =-2K Cosﬁ¢0+2lﬁ—2lvh¢0'vhxl—1¢0Vﬁxl at z=0.(55)
In addition, qﬁlU satisfies d¢'V/dn = 0 at the body, Vo'V — 0 for z — —o0, and a
radiation condition for R — oc. The boundary value problem for ¢!V may be solved
by means of an integral equation, which is obtained by introducing (5.1), (5.4) and

(5.5) into (4.18), giving
*G° o *G°
1w?o _ 0
/ ¢ dS / 0] <2Kcosﬁ 21anaK>dS

—2np'Y(x), x€Sp
—4np'lV(x), xe v,

—2 d?O(VhGO Vi + 3G°Vig)dS = { (5.6)

J s
where the first case is an integral equation for ¢'Y. Wave radiation and wave
diffraction due to a body with a small forward speed were studied by Nossen
et al. (1991), who applied the decomposition ¢ = ¢%(v)+1(U)d!(v) of the potent1al @,
where v = K —2K cos f7(U). They arrived at the following integral equation for ¢'(v):

oG° 0 0*G°
710G 0
SBd) on dS — / 19 on dxdv ds

—2ndl(x), xe€Sp

—4ndl(x), xe 1. (57

-2 ¢>°(va0 Vixi + 1G°Viyi)dS :{

J SF
Now,

¢ = ¢°(v) + 1(U)'(v) = ¢°(K) + 1(U)[' (K) — 2K cos B¢Y(K)] + O(x(U))). (5.8)
The potential —2K cos ﬁ #°(K) may be obtained by the following integral equation:

%G gs = { ~2mV(x), x€Sp
onoK { —4np'Y(x), xe v

(5.9)
By adding (5.7), with v replaced by K, and (5.9) we obtain the integral equation (5.6)
for ¢V = ¢'(K) — 2K cos f#%(K ), as expected.

/ (—2K cos,B¢K)—~dS 2K cos B¢’
Sp

6. The damping moment

It is of principal interest to derive expressions for the wave drift damping force
and moment. These quantities may be obtained in different ways. The most usual
procedures are either by pressure integration over the wetted body surface, or by
applying conservation of linear and angular momentum. Both methods have their
advantages. Here we shall apply conservation of linear and angular momentum,
resulting in compact formulae which are easy to evaluate numerically by a low-order
boundary element method.

First we consider the time-averaged moment about the vertical axis, M,. Conser-
vation of angular momentum gives the following relation:

M, Ek'/ p(x x n)dS
Sg

=k- [—pi/xxv’dV—/ pxxndS-—p/ xxv’v-ndS} (6.1)
de Jy JS(R) S(R)
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As control surface a vertical circular cylinder S(R) with axis passing through the
origin is applied, where we have that k- (x x n) = 0 and v-n = v' - n. Introducing
v’ = V@' we obtain

M, = pgi/ k-(x x V&)dV —p/ &8 dS (6.2)
aB Jv S(R)

where @), = 09’ /00, &, = 09 /dn. In obtaining M,, terms proportional to Q?, 43 are
disregarded. The integral in (6.2) over the fluid volume may be rewritten by applying
Gauss’ theorem, i.e.

k- / x X VdV = / k- (xxn)¥dS = / nep?dS — [ Lo&dS.  (6.3)
|4 Sp+Sr Sg SF
Here we have agplied k-(xxn)=ngat Sg, k*(x xn)=—g at Sr, k-(x xn) =0 at
S(R), and that ¢ = p®. By applying Green’s theorem to ys and p® and exploiting
the boundary conditions for y¢ and y'?, we may show that

AZ
[ natas = [ yaplas = —2E [ yimig9%)as (64)
Sg S¢+53 W Jse

where we have applied (3.23) and p!» = 0 at Sz. We then expand the yaw moment
in €, ie. M, = M,y — €Bg, where a minus sign is adopted since —eBgs appears as a
damping moment. Introducing ¢ = ¢° + €' we obtain the following expression for
Mz()l
MzO 1 0 ;0%
= Re [¢po,’ | dS. (6.5)
pgA? 2K Jsw [% ]

This is a well-known result which agrees with Newman (1967). For Bgs we find

1
" (6.6)

Since the individual integrals in (6.6) do not converge for R — oo (but their sum
converges), it 1s appropriate to rewrite the integral over Sy in (6.6). By applying
Gauss’ theorem twice, and exploiting the boundary conditions for ¢°, ¢!, and y¢ at
Sr and Sp, we may show that

335 . em(@°6) + Im(@36%)] a5 = —sRe [ (g o= #'afpds. (67

We then apply Green’s theorem to the potentials d)o' and ¢' and exploit the body
boundary conditions for these potentlals Le. ¢°' = d)l = 0 at Sg. The integral over
Sr on the right-hand side of (6.7) is then converted to an integral over S(R) with the
same integrand, but with the minus sign in front of the integral replaced by a plus
sign. Upon introducing the result into equation (6.6) for By, we find

Bes 1 . . .

oo = o RE L5+ 901 = 6765+ ) as. (68)
It is noted that the expression (6.8) for Bes agrees with Newman (1993, equation 5.10).
Newman derived this expression by integrating the pressure over the wetted body
surface, converting the resulting formulae to integrals over the control surface in the
far field. In his approach, perturbation expansions of the potentials about a fixed
position of the body is applied, assuming that the rotation angle and the angular




Wave drift damping of floating bodies in slow yaw motion 337

velocity are both small. In our analysis B is obtained by applying conservation of
angular momentum, allowing the rotation angle of the body to be finite, but assuming
that the angular velocity is small. Thus, (6.8) being valid for a rotation angle of the
body that is not small, is a generalization of Newman (1993).

We then introduce ¢' = 2iK (¢3¢ + dgx) + ¢" in (6.8) and note that the divergent
parts of ¢! cancel in the integral over S(R) for R — oc. B¢ may therefore be expressed
in terms of the far-field amplitudes of ¢; and ¢'°, giving as the final result

B66 1 2 Q» (11 1
— =1 H H H(6)do 6.9
=5k [ HE O+ HY @1H'0) (69)
where the amplitude function H! is introduced by
H' = 2iK(H} + H}) + H"; (6.10)

H°® and H' are given by (4.19) and (4.21), respectively.

7. The damping force

By applying conservation of linear momentum we obtain the following expression
for the mean horizontal force, F = Fi; + Fsi;:

F=i;- (in/ v’dV—pr/v’dV—/ (pn—{-pv’v-n)dS), i=12(71)
B Jy v S(R)

Using the same control surface as in the previous section, we may use in the last term
that v+n = v’ -n. In the derivations below, terms proportional to 22, 4* are neglected.
Consider first the pressure term in (7.1). By inserting (2.7) for the pressure we obtain

/ _F,.ds __L (@, — QD) Pndl+ / (—Qy — Q) + 1 IVendS (7.2)
SRy P 2g C(R) S(R)

where we have exploited the fact that the surface elevation far away from the body
is given by { = —(1/g)(®, — Q®P,). By then introducing @ = Rel[(4ig/w)¢e"], and
noting that 0¢/0t = Re[(Aig/w)(iw¢p — Q¢p)e'“'], we obtain

A? 2iQ . .
[ ~Tmas =—Ere [ 108 = 226065 + diimal
S(Ry P C(R) w

A2
+82 |Vo|*mdS — Q / W +wynds. (7.3)
4K S(R) S(R)

Consider then [, v’dV. By using Gauss’ theorem this integral may be rewritten as
integrals over Sg, Sr and S(R). For the horizontal components we find

Y 2
i+ / vdV = / nﬂp@)ds—é—g Im(¢y,¢*)dS, i=1,2. (7.4)
14 Sp+S(R) 20 Js,

The integral over Sg in (7.4) may be rewritten by applying Green’s theorem to y;,
i = 1,2, introduced in §3.1, and yp®, giving

A2
/ np?ds = / xiw,‘,z)ds=—~£ / xIm(¢e;,)dS, i=1,2, (7.5)
Sg Sk 2w Sk

where we have exploited the boundary conditions for y® and y;,. Next we apply
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Gauss’ theorem to rewrite the integral over Sy in (7.4), ie.

A ¢xl¢> ds = glm(/ x,~¢>¢;,ds+/
" 20 2 g :

F Cp+C(R)

xid)d);dl). (7.6)

In the diffraction problem d¢/on =0 at Cp, provided that the body is wall-sided. By
inserting (7.3)—(7.6) into (7.1) we find for the force

F € .0 . . .
-t ("’ﬁ e ,i) ( [ = xtm(g2.)as - /C . xi1m<¢>¢>n>dl)

+ U Re (—K oP ndl + / (Vo -Vo'n; — 2¢x.¢;)ds)
4K C(R) S(R)

~ S mig(s; + gpinl (1.7)
C(R)

where the sum is over i = 1,2. By applying a variation of Stokes’ theorem we may
show that, see (BS5) in Appendix B,

— [ Kognar+ 190 vom—gugi1as = [ otgids —2iKe [ 6065+ simal.

(7.8)
By combining (7.7) and (7.8) we find
F e (__6_ +k x i») ( (i — xi)Im(¢¢;,)dS —/ x~Im(¢¢')dl>
pgA2 = 2 l;aﬁ i 5 X i 2z CR) ! n
+20Re [$(¢5)n — Hx ¢r)dS. (7.9)

2K S(R)

We then introduce ¢ = ¢°+e¢', and expand the force in €, i.e. F = Fo—e(Bysi+Bas j),
where a minus sign is adopted since —e(Bysi + By j) formally appears as a damping
force, giving

F, 1

- 0 00y 40 0%
g ag Re S(R)[cb (Vrg™)n — 05,0018, (7.10)

Bléi+BZ6j 1 < 3] ) ( 0 L0 / 0 L0 )
—— = =Im< (i —k X P — X; >,dS — x;¢ ¢, dl
ool 5 \biag SF(X )¢ w ¢
1

—Re= [ [0°(Vud" ) + ¢ (Vag" )n — $3Vie" — §,Vig”1dS.  (7.11)

4K Jsr
The formula (7.11) is in a different form than that obtained by Newman (1993),
and in addition to that we here allow the rotation angle to be finite. It is, however,
possible by appropriate transformations to compare his and our results. We find that
there are discrepancies between (7.11) and his final result (5.6). Thus, to Newman’s

equation (5.6) we must add a term (J/0p) ( gzﬁ ; ) and change the sign on his

2 . ) )
term ( ; H ; ) (in Newman’s notation), to obtain our formulae. We note that
1

2nu; = —w/(2g) fs (i — x)Im(¢°¢%)dS, i = 1,2. However, our formula (7.11) may
after some algebra "be brought into a form which is equivalent to Newman’s equation
(5.5), which preceeds Newman’s equation (5.6). To obtain this agreement we must
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disregard his comments following equation (5.5), where it is claimed that the second
integral over Sy vanishes for i = 1,2.

Further development of the integrals in (7.11) requires some algebra. This is outlined
in Appendix C, where we find that By, and By may be expressed in terms of the far-
field amplitudes of the potentials ¢7, ¢!3, and the dipole moments of the time-averaged
second-order potential (with integrals over the free surface), with the final result

Bigi + Bj 1 ( 0

1 v . R 0 .0
) (i kx:,) [ ot yas

1 Sl . In cos 6 140 0 o —sinf
iR / [H (OH (0>< >_le (9)(Hﬁ9<0>+H90<0)>< )} a0
1]

sinf cos @
1 2\ 4 | orte cos f§ . o —sin
rared () e ) ((Sf ) — 2t + oo (o3 )}}.(7.12)

8. Conservation of energy
In the general case the energy equation reads

W d/ L / (p | )
e (24 9z)dV — T4+ 1p2 gz )vends (8.1)
p dz V(2 ) se\p ’ 8

where W = [; pv-ndS denotes the mean work performed by the pressure force on
the body. In the present example the body is restrained, and no work is performed,
thus W = 0. Equation (8.1) may then be utilized as a check on the model and the
computational procedure.

As in the previous sections, v - n = v’ - n at S(R). Furthermore we have

0
5 | (e ey = QEB/V (102 + gz) dV.

It may be shown that
J 1,2 - g Azg 02 Azg
_ 1 V=0_—|-2% hlialll =4
Qaﬁ[/(zv +gz)d 6ﬁ<2 /SFIQSJdS—l— KRe

where we have neglected terms proportional to Q2. Furthermore we have

—/ (£+%v2+gz>v/-nds
S(R)y \ P

A2g2
= / FFdS == Re | (iwp — Qg dS. (8.3)
S(R) )

26()2 S(R

¢°¢2‘d5> (82)
)

S(R

By introducing ¢ = ¢°+e¢' and expanding the right-hand side of (8.1) in W% +eW!,
we obtain
WO
pgAic

=1 090" ds, 8.4
m /S(R)qs 8 (8.4)

w2 (K |¢°*dS + Rel/ ¢°¢°'dS>
pgA2cg op Sr 2 S(R) "

—Im [ (¢'¢) + %9, +igyy)dS (8.5)
S(R)
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Figure 1. Sketch of the location of a vertical circular cylinder with radius a and draught 3a.
The axis is located at x =0, y = —1.

where we have introduced the group velocity of the waves, ¢, = dw/dK = g/2w.
By then applying ¢' = ¢!! + ¢'2 + ¢'3, we may after some algebra obtain that
w! 0
—  =-2K-—Re oY ds — Im/ Bl 4+ ¢%p13)ds. 8.6
i = K agRe | ¢ho [ O oS, (€6)

Substituting for ¢° and ¢, and letting R — oo, we obtain

wi b 2n 12 ‘
pgize, ~ K™ ( o HY(0)H;(6)'d0 + G{_ﬂ) Hg(ﬁ)'e‘”/“)
2n 1/2
— Re HO(H)H13(0)'d9 + 273 H13(ﬁ)-ein/4 (8.7)
0 K

where the method of stationary phase is applied to obtain the terms containing Hy(B)
and HY(B).

9. Numerical results

Results for By, i = 1,2, 6, are considered for two different geometries. In the first
example the body is a vertical circular cylinder with radius 4, draught 3a, and located
with its axis at x = 0, y = —I, where | is arbitrary, see figure 1. In the absolute
frame of reference the cylinder axis describes a circular path about the origin with
radius /. Since the body is a vertical circular cylinder, the moment with respect to
the z-axis equals the force component along the x-axis multiplied by the arm [, ie.
M,y = IFo i, B¢s = IBis. In figure 2 are shown results for the damping coefficients
Bis normalized by pw?aA?l and Bg normalized by pw?aA?l? for three different wave
angles. The numerical results confirm that Bys/l and Bes/I* are independent of the
value of I, and that Bgs = IBjg, which are both expected results. We remark that
the variation of the damping coefficients Bjs and Bgs with respect to the wave angle,
keeping the wavenumber fixed, satisfies the following relations for this example:
Bis(n/2) < Bis(B) < Big(n) and Bes(m/2) < Bes(B) < Bss() for all f.

In figure 3 is shown By for wave angle f = 3n/4. By is always negative or zero.
The numerical results confirm, as expected, that Bs/! is independent of the value
of I. For this geometry, it is noted that Bjs/l, Bys/l, and Bes/I° may be obtained
from the wave drift damping coefficients due to a vertical cylinder translating along
the positive x-direction. Indeed, the results shown in figures 2 and 3 are in exellent
agreement with the corresponding wave drift damping coefficients using the method
of Nossen et al. (1991) for the translatory case.
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FiGure 2. Numerical results for Big/pw?aA?l and Bes/pw?aA*l* vs. Ka for the vertical cylinder
described in figure 1, and three different wave headings. Wave amplitude 4, wavenumber K.
Bis/pgA?l: solid line, p = n; dashed line, § = 3rn/4; dotted line, f = n/2. Bes/pw’ad’l?: squares,
B = n; triangles, § = 3n/4; diamonds, f = n/2. Black circles: results for a cylinder in translatory
motion, obtained by the method of Nossen er al. (1991). Discretization: Sg 784 panels, Sy 784
panels. Sy is discretized out to the circle with centre in the cylinder axis and radius 7a.
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FiGure 3. Numerical results for Bys/pw?aA?l vs. Ka for the vertical cylinder described in figure 1.
Black circles: Results for a translatory cylinder obtained using the method of Nossen et al. (1991).
B =3n/4 By =0 for § = n/2 and B = n. Discretization: Sp 784 panels, Sy 784 panels. Sp is
discretized out to the circle with centre in the cylinder axis and radius 7a.

We have also invoked the energy equation for the vertical cylinder, see (8.1), (8.4),
(8.7), which in our case predict that W = 0, since the body performs no work on
the fluid. In all computations we find that W° ~ 0 and W' ~ 0. For example, in
computing W', we find that both terms on the right-hand side of (8.7) are large, but
cancel each other almost exactly, see figure 4.

In the next example the geometry is a ship, length I and beam by, with I/by = 5.6.
The ship section is a circular half-cylinder with radius r(x) = 0.5ho[1 — (2x/I)*],
|x| < 1/2. Numerical values of Bg are shown in figure S for f = n/2 (beam seas),
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FIGURE 4. Energy equation vs. Ka for the vertical cylinder described in figure 1. § = =. Solid line
the first term and dashed line the second term on the right-hand side of (8.7) divided by I. Dotted
line: W/pgAZc,l.
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FIGURE 5. Bes/pw?biA* vs. Kl for the ship. Solid line: § = n/2; dashed line: f = 3n/4. Dotted
line: § = . The black squares denote the computation points. Sg and Sy are both discretized with
800 panels. Sr is discretized out to a circle with radius / and centre in the origin. Crosses mark
computations with panelization: Sp and Sr 1568 panels.

B = 3n/4 (quartering seas), § = n (head seas). Bgg is always positive, is largest for
beam seas, and smallest for head seas. More specifically, Bgs is 45 times larger for
beam seas than for head seas, when K/ > 6.

In figures 6 and 7 are displayed results for Bis and By for the ship. Bjs and By attain
both positive and negative values. For long waves we find that Bg(n/2) = —Bx(n),
Bis(B) = Bis(n/2)sin B, and By(f) = Bas(m) cos(m — ). It is noted that By for beam
seas and By for head seas both are large. These results correspond to non-vanishing
moments with respect to the z-axis, due to a ship translating respectively along the
x-axis in beam seas, and along the y-axis in head seas, see Grue & Palm (1993).

We have assumed in the theory that w > Q. This means that the values of the
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FIGURE 7. As figure 5 but for By/pw?b342. Solid line: f = n. Dashed line: § = 3n/4.
By = 0 for ,8 = 77.'/2

damping coefficients shown in the figures for small K! are not relevant to the slow
drift problem, strictly speaking. It is still, however, of interest to investigate the results
in the limit K! — 0.

9.1. Convergence

We next investigate convergence of the method. The geometry is modelled by a
set of quadrilaterals and the potentials and the source strengths are approximated
by constants at each quadrilateral. The numerical integration is performed by the
midpoint rule, except when integrating the singularities of the Green function. Thus,
we expect that the relative error in the integrated forces and moments is of the order of
a typical panel size divided by the wetted area of the body, i.e. proportional to 1/Np,
1/Np, where Ny and N denote the number of panels on Sz and Sr, respectively. In
table 1(a) are shown results for Bs and in table 1(b) for By for various discretizations
of the ship. The results in the table clearly indicate convergence as the number of
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Ny Ny Ki=4 KI=8 KI=12 Kil=16
(a) 392 392 5000 2120 2201 22.51
800 800 4.919 2047  21.27 21.41
1568 1568 4.869 20.11  20.88 20.84
(b) 392 392 —2940 —-0.509  0.517 1232
800 800 —3.009 —0.523  0.537 1.160
1568 1568 —3.049 —0.526  0.566 117

TaBLE 1. Convergence of (a) Bgs/pw?biA* (b) Big/pw?b3A? for the ship vs. panelization. Free
surface discretized within a circle with radius I. N denotes number of panels on Sp, Nr denotes
number of panels on Sr. f = /2.

R,y Nr Kl=4 KiI=8 KI=12 KiI=16
(a) no Sr 0 8484 13987 4948 54.65
0.75] 440 4976 2056  21.34 21.42
l 800 4919 2047 2127 2141
1.51 1800 4.882 2027  21.01 21.16
21 3200 4.848 20.10  20.82 20.97
(b) no Sr 0 —0.402 0340 2177 3.758
0.751 440 —2.989 —0.393  0.508 1.174
1 800 —3.009 —0.523  0.537 1.160
1.5/ 1800 —3.086 —0.486  0.508 1.175
21 3200 —3.181 —-0.524  0.510 1.210

TaBLE 2. Convergence of (a) Bgs/pw?biA? (b) Big/pw*b3A* for the ship vs. discretization radius Rou
of the free surface. 3//4 < R,, < 2I. Number of panels on Sp is in all cases Ny = 800. Ny denotes
number of panels on Sf. § = /2.

panels is increased. The results for Bes exhibit a linear convergence rate with respect
to 1/Ng, 1/Np. The convergence rate for Bjg is somewhat different than for Bes.
However, the difference between the finest and next finest discretization is minor. This
is also seen from the plots in figures 5 and 6.

In the computations for the ship a truncation radius equal to the ship length
was used. In tables 2(a) and 2(b) we investigate how the values of Bes and Big
depend on the truncation radius. We find that the computed values vary by at most
2% for B¢ and at most 6% for Bjs when the truncation radius is in the interval
| < truncation radius < 2l. The table also shows that integration over the free surface
cannot be omitted.

9.2. Comparison with viscous damping

It is of interest to compare the wave drift damping moment of the ship with an
estimate of the damping moment due to viscous drag. The latter may be obtained
from the sectionwise drag on the ship which is given by dD = (1/2)pCpr(x)x|x|Q|Q|dx
(with the x-axis in the length-direction of the ship). The yaw moment due to viscous
drag is then obtained as

i/2 1
Miise = dD = -— bol*. 9.1
[, x40 = g5geCoiale ©0.1)
Consider a practical case concerning the slow yaw motions of a moored Turret
Production Ship described in Faltinsen (1990, p. 280). The data in this case are: ship
length [ = 230 m, natural period of the yaw motion 400 s, standard deviation of the
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FIGURE 8. M,o/pghiA? vs. K! for the ship. = 3n/4. Same discretization as in figure 5.

slow yaw angle 3°. This means that the standard deviation of Q is 8.22 x 10~*s~!. The
drag coeflicient may be estimated as Cp = 1 (see Faltinsen 1990, p. 194). From the
results in figure 5 we have that Bes/pw?biA* > 4 for w*l/g > 5. (The wave period is
less than 14 s when w?l/g > 5 and [ = 230 m.) This means that

(2 /w)Bgs A 2
Mo (1.7 m) : (9-2)

Thus, for wave amplitude A > 1.7 m the wave drift damping moment is larger than
the damping moment due to viscous drag in this example.

9.3. Comparison with the moment at Q =0

It is of interest to compare the magnitude of Bg, to the zero-speed moment M.,
where the latter is displayed in figure 8 for § = 37/4. We observe that Bgg is one
order of magnitude larger that M,o. For example, for § = 3n/4 and Kl = 10, we
have Bgs/M.o ~ 200. By applying Q = 8.22 x 107*s~! as in the example above, we
find that (2/w)Bes is 25% of M,q. This shows that the wave drift damping moment
also significantly contributes to the total moment acting on the ship.

10. Concluding remarks

A method for evaluating the diffracted waves, the wave forces and the wave drift
damping due to a floating body performing a slow rotation about the vertical axis,
with a finite rotation angle, is developed. The incoming waves, with wave frequency
w in the absolute frame of reference, and the slow angular velocity 2 of the body,
where it is assumed that £ < w, introduce two timescales to the problem, proportional
to 1/w and 1/, respectively. It is noted that the components of the exciting force
experienced by the body, being proportional to the wave amplitude, generally will
oscillate with a frequency @ + O(Q), which is slightly different from @ and varying
with respect to the wave angle. The corresponding result is true for the linear fluid
flow at a fixed space location.

The mathematical problem is formulated by means of potential theory. A set of
boundary value problems is developed by applying perturbation expansions in the
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incoming wave amplitude and the slow angular velocity of the body, which are solved
by means of integral equations, containing unknown quantities on the wetted body
surface only. It is noted that the boundary value problems and the corresponding
integral equations due to a slowly translating body are obtained as part results of the
present analysis.

Formulae for the wave drift damping coefficients are obtained by applying conserva-
tion of linear and angular momentum. The resulting expression for the damping coef-
ficient Bgg given by (6.8) has formally the same form as Newman (1993, equation 5.10),
except that fy (the wave angle in the fixed frame of reference) is replaced by f = fy—«
in our formula (f the wave angle in the relative frame of reference, « the rotation
angle of the body in the fixed frame of reference). In Newman’s analysis the rotation
angle is assumed small, and hence his result is recovered from ours by setting o = 0.

There are, however, disagreements between our formulae for By and B, and the
corresponding formulae obtained by Newman (1993, equation 5.6). To compare them
we must perform some transformations. We then find that to get agreement we must
add to Newman’s equation (5.6) a term and change the sign of another term, as
discussed in §7.

Here we proceed one step further than Newman (1993), as the wave drift damping
coefficients are expressed in terms of the far-field amplitudes of the wave potentials and
the dipole moments of the time-averaged second-order potential, resulting in simple
formulae that are suitable for efficient numerical algoritms. Numerical solution of the
problem is obtained by using a low-order panel method. The method is applicable to
geometries of general form.

Examples for the damping coefficients Big, Bas, Bgs, are considered for two different
bodies, namely a symmetric ship and a vertical circular cylinder with axis describing
a circular path in the horizontal plane. The method is carefully checked, for example
by invoking the balance of energy, which in all examples is satisfied to a relative
accuracy of better than 1%. Convergence of the method is documented. We find that
the damping coefficients are one order of magnitude larger than the time-averaged
horizontal force components Fyg, Fyo, and the vertical moment M,,, which means
that a slow rotation of the body introduces a significant change of the forces. The
damping coeflicient Bg is in all the present examples found to be positive and large.
This means that wave drift damping due to a slow yaw motion of the body is just as
pronounced as for slow translatory motions. Thus, evaluation of the complete wave
drift damping matrix (1.2) is required to study slow drift motions of moored floating
bodies in the realistic manner.

We have also compared the wave drift damping to viscous damping. In the realistic
case of a ship we find that the wave drift damping predominates even for waves with
relatively small amplitude.

In the present contribution only the linear diffraction effects are taken into account,
which means that the body is kept fixed in the relative frame of reference. The method
may, however, be generalized to account for the linear responses of the floating body
and the resulting radiation effects. The complete diffraction-radiation problem is
under development, see Finne & Grue (1995). Relevant to most practical examples
where wave drift damping is of importance, we have considered the water depth to
be infinite. This has also simplified the analysis.

We gratefully acknowledge the financial support by Conoco Norway, Det Norske
Veritas, Saga Petroleum, and Statoil. The wave radiation-diffraction program WAMIT
was provided by Massachusetts Institute of Technology and Det Norske Veritas.
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Appendix A. The integral in (4.13)
The integral (4.13) is given by

,=/S’R) <¢1zaﬁ° a¢12 d)o oG +Glaa¢°>ds A1)
( v

By applying Green’s theorem to G° and 2iKd*¢; /080K, and to G' and ¢;, and
integrating over the entire free surface and S(R), we obtain

¢y oG . 0 P aG! 1091
i _ i
/SFM) (2”( 0BOK on KG dBoK thGr =0, )ds

0% ¢y
3pOK

Applying ¢, /0 = —0¢;/00, using (3.22) for ¢'?, and (4.8) for G!, and noting that
the integral over the free surface in (A 2) vanishes, we obtain by adding (A 2) to the
right-hand side of (A 1)

2 0 2 1 2
1 :/ (211( "¢y 06 G°21Kia—‘él—¢7a—G—+G‘a¢7>ds+8niK 09
S(R)

+8n1K

=0. (A2

000K on on 000K 0 O0BoK’
(A3)
By then applying partial integration with respect to the 8-variable, (A 3) reduces to
0 o7 0G0 o0 027 . 0°¢;
[ =2iK — = ds . Ad
K Joix ( 30 ok~ aoer ) ¥ 8K 5pak (A4

It may be shown by using Green’s theorem that the integral over S(R) in (A4) is
independent of the value of R (R >body radius), and equals zero, which is obtained
by letting R — oo and applying the radiation conditions for ¢; and G°. Thus,

0*¢1
0PoK”

I = 8niK (AS)

Appendix B. A variant of Stokes’ theorem
A variant of Stokes’ theorem reads

/(nxV)x(fV)dS=/d1x(fV), (B1)
S C

where V denotes a differentiable vector field, f a differentiable scalar variable, and S
an open surface bounded by the contour C. The line integral around C is oriented
positive with respect to the normal vector of the surface S. In our applications, C is
a contour in the mean free surface, and S is assumed to have vertical walls at the
mean free surface. We note that

(mxV)xX(f¥V)=fanx (VX V)+f(n- V)V —nV-(fV)+(n: V)VSf, (B2)

Applying V = Vyp we have V x ¥ = 0. Noting that dI x (f V) = di[f(ky, — ny,)]
we then obtain

- / f(n-V)VipdS = — / [V - (V) — p,V51dS — / [k — mp )l (B3)
S S C

Let f = ¢, and p = ¢°, where ¢° satisfies V°¢" = 0 in the fluid domain. Furthermore,
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let C = C(R), and S = S(R) + S(z), where S(z) denotes a horizontal bottom with
vertical coordinate z — —o0. Assuming no fluid motion at z = —oo, the contributions
due to integrals over S(z) vanish. Exploiting the free-surface boundary condition (3.5)
for ¢, for a sufficiently large R, such that the effect of s is negligible, i.e.

_ . 0p .. 0¢
¢, =Ko+ 21€K$ — 21€K%, (B4)

we find that the horizontal components of (B 3) read

- [Koonai+ [1Wo-von— o015 = [ p(inas —2iKe [ o0} + ¢0)(r113(;l)

Appendix C. The forces
We shall evaluate the damping coefficients Bjg, Bys which are given by (7.11), i.e.

Bisi + By j 1 ( 0 ) (/ 0 L0v 0 10
— " =Im—= li— — k x L (X, — x,-) zzdS - / Xi n dl
pgA? 2\ 0B S i c® o

1

—Re—— [ [#°Vid" ) + ¢ (Vid" ) — V40" — 91V,0”1dS.  (C1)
4K S(R)

Now, ¢, and ¢ have the following asymptotic forms for large KR:

¢7 = R™2H(0)eX*KR(1 + O(KR)™)), (C2)
¢13 — R—1/2H13(0)eKz—iKR(1 + O((KR)_I)), (C 3)

where H® and H® are given by (4.19) and (4.21), respectively. The potential ¢' is
given by

o 0 (0¢7 O
1 =2 I B 4 il 13
¢ K@K(6ﬂ+60>+¢ (€4
since d¢p; /0 + d¢p; /360 = 0. For large KR it is convenient to decompose ¢! as
o' =v' + o' (C5)
where
w! = 2KRV*(H} + H)*7*R(1 + O((KR)™)) (C6)
and
@' = RV[H' + 2iKz(Hj + HJ)le**~¥R(1 + O(KR)™)). (C7)
Here, the amplitude H! is defined by
H' = 2iK (H} + H) + H". (C8)

Introducing n(0) = icosf + j sin 0, ¢(6) = dn/d6, we have the following relations for
the derivatives of the potentials:

¢1, = —1K cos(6 —~ B)¢r, (C9)
Vior = —iK ¢in(f), (C10)
(Vidr)n = —K? cos(6 — B)¢;n(B), (C11)

$rn = (—iK - ﬁ) ¢1+O(KR)™), (€12)
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Vipr = | [ —iK ! n(0 lHOtB O((KR)™*? Cc13
w7 = 3R ()+RH0()¢7+ (KR)™"%), (C13)

(Vidrhn = ((—K2 1K> n(6) — —itw)) 1+ O(KR™),  (C14)

R HY
o) =—iKo' + O(KR)™?), (C15)
Vip! = —iK ¢'n(0) + O((KR)™*/?), (C 16)
(Vip')n = —K2'n(0) + O(KR)™?), (C17)
1 3
Pl ( —iK + ﬁ) ! + O((KR)™*?), (C18)
Vip' = K iK + %) w'n(0) + %wét(e)] + O((KR)™?), (C19)
W' = | (K2 = ) wine) = Tovket0)] + 0k RIPD. (c20

Consider now the integral
1 L * - .
199) =~ g Re [ [9UT401), + 6! (Fg™), — 41040 — 919,6”1dS. (C21)
S(R)

Now, I(¢% ¢') = I(¢° ') + I(¢° p!). First I(¢°, ¢!) is evaluated. By introducing
(C9—(C17) into (C21) we obtain

1(¢%¢") =Re [ K[pn(0) + ;¢1(1 +cos(0 — B))n(B) + n(6))]p'"dS

S{R)
+O((KR)™). (C22)

By carring out the vertical integration, noting that f_OOO eX:dz = 1/(2K), ffoo ze*K7dz
= —1/(4K?), we obtain

2n 2n
1(¢°,¢") = iRe [ H[H" +i(H} + H})'In(0)d0 + {Re / RI/2eK RUl=eos(0=4)
0 0

x(1 + cos(8 — B))(n(B) + n(0))[H" + i(Hy + HJ)'1d0 (C23)

where we have neglected terms of O((KR)™!). By applying the method of stationary
phase to the last integral, and letting KR — oo, we obtain

1 2n 2 /2 )
1(¢"¢") = 3Re ( H'H"n(0)d6 + (fn> H"n(B) | +1,  (C24)
0
where I, is expressed in terms of ¢;, ¢7, and !, ie

2n
o= g Re [ ilmm(0) + K1+ cos0 — B)ap) + mO)y'“d0.  (C25)

Consider now I(¢°, y!). By introducing (C 9)-(C 14) and (C 18)—(C 20) into (C 21), we
obtain

I(¢°,v') =Re /S(R) K¢7n(0) + 36:(1 + cos(0 — B))(n(B) + n(0)]y'"dS

Re / Rl n(0) + Lol — drgyp'(0)]dS
S(R)
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~gRe / R ir1p" [n(8) + n(B) + (1 + cos(8 — B))m(0)]dS
S(R)

_LRe / Rligrpl[1 + cos(d — B)]#(6)dS. (C26)
4 S(R)

By then carrying out the vertical integration we find

H6%p") = $Re [ [6mi0)-+ §s(1 + cosO— () + mO)]y" Ra0
3R [ 1 0) + Ll = by’ @0

~ L Re / 61" [1(0) + n(B) + (1 + cos(6 — B))n(6)]d0
C(R)

16K
———Re/ i1l (1 4 cos(0 — B))t(6)db. (C27)
SK C(R)
Consider finally the part of (C 1) given by
(11 —k x i,—)/ x;Im(¢°¢%")Rd0. (C28)
op CR)
By partial integration we obtain
1 0 0
1=—-/ 0( )I 962" )R%d6. C29
1= =5 O (5 * 35 ) @) (€29)

ﬁBy then carrying out the differentiation with respect to the f and 0 variables, we
nd

L= —3Re [ [$rn(0) + §1(1 +cos(0 — H)(n(®) + n(F)ly'* Ra0
C(R)

_%Re_/ (n(6) — n(B))(1 + cos(0 — B))¢p'"RdO
C(R)

——Re / iy !"n(0)d0. (C30)
C(R)

Now we have that (n(0 —n(ﬁ))(l +cos(0 ) = (¢(0)+¢(B)) sin( — B). Furthermore,
KR sin(f — B)eKRUI=cosli=F) = "_j(d R({g ~¢os0-8) This means that

—%Re (n(8) — n(B))(1 + cos(0 — f))¢ry'"RdO
C(R)

_ —%Re (n(6) — n(B))(1 + cos(6 — B))

C(R)
x 2K R*(HJ" + Hy)e* RI=o0=Fdg(1 + O(KR)™))
—_LlRe / it (1(0) + #(B))do — L Re / iy n(0)do (C31)

where partial integration is applied and we have neglected terms of O((KR)™).
Thus, I5 is given by

Iy = —5Re /c( [(0) = §1(1 + 050 — BYn(O) + n(F)}y R0

~_§Re /C R il [£(6) + £(B)]d6. (C32)
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By then summing I, I(¢°,y'), and I3, we obtain

L+ 1(¢° p") + I

n 1/2
~ _Re < /0 iH°(H29+H39)'t(0)d9+i(2§) e/ (HO(B) + H (/3)):(/3)) (C33)

where the method of stationary phase is applied. The final expression for Bigi + By j
then becomes

Bisi + Bxsj 1 _ 0H0*
P (aﬂ kxz,) / (1 — x)Im(@°$% )dS

1 n 0 1» COSQ ey 0% —sinf
+5Re / HYOH"(0) T ) — 2HO)H(0) + H(0)) do
0

cos 8
1/2 .
#yRe {(?) e [H»(,;)G?;g) %(8) + HY (ﬂ))(}j‘s“ﬁ” )]} (©34)
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